Abstract. If p is a set of primes, a finite group G is called block p-separated if for every two distinct irreducible complex characters a; b A IrrðGÞ there is a prime p A p such that a and b are in di¤erent p-blocks. The group G is called principally p-separated if the above holds whenever b ¼ 1 G . Bessenrodt and Zhang conjectured that if G is a solvable principally pseparated group then G is p-separated. We construct a family of counter-examples to this conjecture.
Introduction
In [1] , Bessenrodt, Malle and Olsson introduced the idea of separability of characters by blocks. If G is a finite group, IrrðGÞ is the set of irreducible complex characters of G, and p is a set of primes, we say that p separates G (by blocks) if for every two distinct w; c A IrrðGÞ there exists a prime p A p such that w and c lie in di¤erent pblocks. The group G is separated if the set of all prime divisors of G separates G. If p ¼ fpg, then G is p-separated if and only if G is a p 0 -group, so one generally considers only sets p with more than one prime. It is shown in [1] that many simple and quasi-simple groups are separated by at most four of their prime divisors. It is shown in [4] that, for each n A N, there exist separated solvable finite groups which are not separated by any set of prime divisors of their order with fewer than n primes. In addition, in [4] , it is proved that, if p ¼ fp; qg is a set with exactly two primes and G is a finite p-group, then G is p-separated if and only if G is nilpotent.
In [2] , Bessenrodt and Zhang study principally separated groups. Let G be a finite group and let p be a set of primes. We say that G is principally separated by p if the intersection of the sets of ordinary irreducible characters in the principal p-blocks of G, for all p A p, consists of only the trivial character 1 G . The group G is principally separated if it is principally separated by p, where p is the set of all prime divisors of jGj. They study the relationships among p-blocks for di¤erent primes. They characterize finite nilpotent groups as those that are principally f p; qg-separated for all distinct primes p, q dividing their order. While they are aware that some non-solvable groups can be principally separated but not separated, they conjecture that, for every set of primes p, every principally p-separated finite solvable group will be p-separated. If p consists of exactly two primes, then all principally separated pgroups are nilpotent, and hence p-separated by the result of [4] mentioned above.
In the present paper, we prove that this conjecture does not hold in general for solvable groups whose order is divisible by more than two primes. More precisely, we prove the following. Suppose that we are given any two finite sets of primes p and d, such that p J d and jpj d 2 and jdj d 3. Then there is a finite solvable d-group G such that G is principally p-separated, but G is not p-separated and G is not separated.
Proofs
If B is a p-block of G, N is a normal p 0 -subgroup of G, and a; b A IrrðBÞ, we use that ½a N ; b N 0 0. If G is a p-solvable group and t A IrrðO p 0 ðGÞÞ is G-invariant, then, by a well-known theorem of Fong, see for example [3, Theorem 10 .20], the set IrrðGjtÞ of irreducible characters above t is exactly the set of irreducible characters of a p-block of G. In particular, if G is p-solvable, then IrrðG=O p 0 ðGÞÞ is the set of irreducible characters in the principal p-block of G. Proof. Let H be a Frobenius group with Frobenius kernel A that is an abelian p-group with jAj divisible by every prime in p and such that H=A is cyclic of order r. We likewise let K be a Frobenius group with an abelian Frobenius kernel B such that jK=Bj ¼ r and B is an abelian d-group with jBj divisible by every prime in d. Let E be a group of order r 2 and note that E has an automorphism a of order r. We let H and K act on E with kernels A and B (respectively) so that the actions of H=A and K=B on E are that of hai. Since the actions of H and K on E commute, we can let H Â K act on E and then let G be the semi-direct product G ¼ E z ðHKÞ. Thus G is principally separated by fp; qg.
Let l A IrrðEÞ be not a-invariant, and let l Ã ¼ l Â 1 A Â 1 B A IrrðFðGÞÞ be the canonical extension of l. Now the inertia group I in G of l Ã is the inertia group in G of l. Note that jG : I j ¼ r ¼ jI : FðGÞj and thus l Ã has exactly r extensions to I and these induce irreducibly to r distinct irreducible characters w 1 ; . . . ; w r of G. Indeed, fw 1 ; . . . ; w r g ¼ IrrðG j l Â 1 A Â 1 B Þ. Now O r 0 ðGÞ ¼ A Â B is in the kernel of each w i and so fw 1 ; . . . ; w r g is contained in the principal r-block of G.
We need to show that all of the w i are in the same s-block for all prime divisors s of jGj. By the last paragraph and symmetry, we need just show that all w i are in the same p-block whenever p is in p, the set of prime divisors of jAj. Set Q ¼ O p 0 ðAÞ. Observe that each w i lies over
EQK is an irreducible character of EQK and t is a constituent of ðw i Þ EQK for each i. Now
for each i. So each w i extends t and thus t is G-invariant. Since O p 0 ðGÞ ¼ EQK and t A IrrðEQKÞ is G-invariant, since G is p-solvable, the theorem of Fong mentioned above implies that IrrðGjtÞ is a p-block of G. Thus w 1 ; . . . ; w r all lie in the same p-block of G.
Let b Proof. Set p 1 to be a subset of p with one element, and let r A d be such that, if d 0 p then r B p, and r B p 1 otherwise. Let d 1 be the complement of p 1 in dnfrg. Then p 1 and d 1 are non-empty disjoint finite sets of primes. Applying Lemma 2.1 with p 1 , d 1 and r, we obtain a finite solvable d-group G satisfying the conditions of the lemma. Since, by our choice, p contains at least one element from p 1 and one element from d 1 , we have that G is principally p-separated. Furthermore, G is not d-separated. The theorem follows.
